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Abstract 

We investigate D-branes in the Nappi-Witten model. Classically symmetric D- 
branes are classified by the (twisted) conjugacy classes of the Nappi-Witten group, 
which specify the geometry of the corresponding D-branes. Quantum description of 
the D-branes is given by boundary states, and we need one point functions of closed 
strings to construct the boundary states. We compute the one point functions 
solving conformal bootstrap constraints, and check that the classical limit of the 
boundary states reproduces the geometry of D-branes. 
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1 Introduction 



String theory on backgrounds of pp-wave type attracts much attention recently. Ge- 
ometry of pp-wave type appears in a (pp-wave) hmit of Anti-de Sitter (AdS) space and 
strings on pp-wave background may be solvable. Many works on the string theory have 
been done after the authors P applied this fact to the AdS/CFT correspondence. The 
spacetime of AdS^ x with RR-flux reduces to the maximally supersymmetric pp-wave 
j2] by the pp-wave limit, and the string theory on the pp-wave background is solvable in 
the light-cone gauge [Sill] even with non-trivial RR-flux. In Ref. ^ they compared almost 
BPS operators in A/" = 4 super Yang-Mills theory and closed strings on the pp-wave back- 
ground. D-branes in this background have been also investigated by many authors, for 
example, in Refs. El 13 El 13 CHI El • In particular, the boundary states are constructed 
in Refs. |l2l jTHl IHl CHI using the light-cone gauge. 

The Nappi-Witten model ^Hl is a Wess-Zumino-Witten (WZW) model associated with 
4 dimensional Heisenberg group if4, whose target space is 4 dimensional pp-wave with 
NSNS-fiux. The pp-wave limit of AdS^ x with NSNS-flux is 6 dimensional general- 
ization of the Nappi-Witten model, and we can also apply this model to the AdS/CFT 
correspondence [milHllini EUl El 122 ESI • Because the Nappi-Witten model is a WZW 
model, we can do more than in the case of the pp-waves with RR-fiux. The model can 
be solved without taking the light-cone gauge, and the correlation functions are obtained 
in Refs. |211 ESI EEl recently. The model itself is also very interesting apart from the 
application to the AdS/CFT correspondence since it is an example which can be solved 
and has non-trivial Lorentzian target space-time. In many cases non-trivial Lorentzian 
theory is defined by analytic continuation of Euclidean theory which may be solvable. In 
the Nappi-Witten model, however, we can solve the model directly with the Lorentzian 
signature, and there is no difficulty associated with analytic continuation. 

In this paper we investigate D-branes in the Nappi-Witten model. For a non-rational 
conformal field theory, it is very difficult to solve the theory generally, and in particular, 
boundary states are constructed only in few examples. Because the Nappi-Witten model 
is a solvable non-rational conformal field theory, it is worthwhile to construct boundary 
states also for the respect. We assume that the D-branes preserve the half of the symmetry 
of the current algebra, then the D-branes are classified by the (twisted) conjugacy classes 
inZlEHlEni-^ After reviewing the geometry of the target space-time and the closed strings 
of the model in section 2, we examine the classical geometry of possible D-branes in 
section 3. In section 4 we compute disk one point functions of closed strings and construct 

iPor other types of D-branes in the pp-wave with NSNS-flux see Refs. [HI EH ESI • 
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boundary states for the D-branes.^ Section 5 is devoted to the conclusion. 



2 The Nappi-Witten Model 

The Nappi-Witten model ^Hl is a WZW model based on 4 dimensional Heisenberg 
group H4,. The generators of Lie algebra have the following non-trivial commutation 
relations as 

[J, p±] = ^iP± , [P+, p-] = -2iF . (2.1) 

A convenient way to parametrize the group element is 

g{x^, x-,y) = ^\-+J^^,iy'P'+yP^)^\-+J-2x-F ^ (2.2) 

where the group product is given by 

= g{xf + X2, x^ +X2 + \ Im(?/i?/2e^^''i^"^^2'))^ y^e^''^ + W2e~^^i^) . (2.3) 

The group element leads to the metric of pp-wave type as 

X 

ds"^ = -2dx+dx- - -yy*{dx^y + dydy* . (2.4) 

Here we use the definition ds"^ = ^{g'^dg, g~^dg) with {J,F) = 1, (P+, P^) = 2. 

The symmetry g giggn on the metric is generated by the following differential 
operators as^ 



Jl = - ^{ydy - y*dy*) , Fl = -|a 



2^x ; 



P+ = -2v^e-*V(9,, + {yd,-) , P- = -2v^e^V(5, - ly*d,-) , (2.5) 

and the right part with replacing y ^ y* . These operators are read from the group 
multiplication law ()2.3j) . 

In the WZW model the symmetry of Lie algebra is enhanced to current algebra, 
whose generators have the operator product expansions (OPEs) 

1 



J{z)F{w) 



[z — 



J{z)P^{w) ~ ^lE^ , (2.6) 
z — w 

P+{z)p-{w) 



{z — w)"^ z — w 



^Recently the one point functions are also investigated in Ref. |34| . 
^For later convenience we flip the sign ^^l- 



The mode expansions of the currents satisfy 

where the zero-mode subalgebra is Lie algebra. Anti-holomorphic (right-moving) 
currents are given in the similar way. 

2.1 Primary fields 

The general states in the WZW model can be constructed by 

JX---JWv), J^\v) = Q (^n>0), (2.8) 

and tensoring the anti-holomorphic part. We use rij > and Ai = (J, F, ±) with J"^ = J, 
= F, = P^. Note that there is no singular vector in general. The state \v) is a 

vacuum state labeled by the representation of the zero-mode subalgebra, whose irreducible 

unitary representations are summarized e.g. in Refs. [SHI EE]- 
The vacuum state can be labeled by two eigenvalues as 

-^^oli,^) = ij\j,v) , Fo\j,ri) = iri\j,ri) , (2.9) 

and Pq' and Pg" S'Ct on the eigenstates as the lowering and rising operators, respectively 
(see ()2.1|) ). As in Refs. [SSI EE!, there are the following Hilbert spaces based on three types 
of unitary representation. One of them includes a lowest weight state Pq' \j, rj) = and 
the other vacuum states are given by the action of Pq . The Hilbert space based on this 
representation is called as 7i^^ with j G M and < rj < 1. We will construct the states 
with 77 > 1 by applying the spectral flow in the next subsection. There is a similar Hilbert 
space Hj,^ including the highest weight state PqU, rf) = 0, and the general vacuum states 
are generated by acting Pg*" to the highest weight state. The labels of 7i^^ range j G M 
and —1<1]<0. The conformal weights for these vacuum states are 

h^ = \^(l-\^\)-jrj. (2.10) 

The other Hilbert space 7^°^ does not include lowest nor highest weight state. The general 
vacuum states are generated by acting P^ to a vacuum state with — l/2<j<l/2. The 
other parameter s (> 0) is related to the conformal weight as 

/^° = y- (2.11) 

The eigenvalue of Fq is zero (77 = 0). 

In order to express the primary fields corresponding to the vacuum states, it is con- 
venient to introduce the parameter x (g C) to sum up the representation of zero-mode 
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subalgebra. In this parametrization we can map the action of the currents to the primary 
fields into the differential operation as 

J\z)nn^^x)^^^^^. (2.12) 
z — w 

Therefore, the constraint of the symmetry may be written in the form of differential 
equations, and in Ref. |21] the correlation functions are computed heavily using this 
property. The differential operators are [21] 

Vi = i{j + xd^) , = ^r/ , Vt = V2vx , V- = V2d, , (r/ > 0) (2.13) 

Vi = i{j-xd,), V^ = ir], P+ = v^a, , V~ = -V2r]x. [r] < 0) (2.14) 

For Tj = v/e use a phase x = e*" and 

Vi = ij + do^, V^ = 0, P+ = se'", V- = se-"'. (2.15) 

Since the zero-mode of the currents correspond to ()2.5|) . the classical expression of 
the primary fields are obtained by solving the differential equations ()2.12|) . For 7^^^ the 
solutions are"^ 

/ vyy* ( ■^'^ ■ +\ 

^Xt) = A/^Y»?^^P [^i^^ " 2irix^ h if] iyxe''~ + y*xe^~ j + rjxxe^^ j 

= ^f+y^^'--^iv^--^ y ' ^ (ix)"'(-ixre'^^ L^'-^'iriyy*) , (2.16) 
where L^{x) is the associated Laguerre polynomial. Similarly for 



~ ■^i,^ ^"^P ( ^i^"*^ Sir^x^ H h ir] f yxe^^~ + y*xe~'^~ j — r]xxe~ 



* |„|m„ m— n + 

^-^(.ij^+-^ivx- + ^-^Y^\_!LJ_ (ia;)™(-2x)"e-^^^L™-"(|r7|?/?/*) . (2.17) 



The normalization is fixed as 



For 7"^? ^ we have 



^% = exp Ljx+ + ^ {ye^^ + y*e-^^)] ^ e^'^(^+^") (2.19) 



^We construct the closed string spectrum using the same representation in the holomorphic and anti- 
holomorphic part. 
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with 2il) = a — a and 9 = a + a. 

We can see the relation to the basis labeled by eigenstates of F and J using the 
following expansions as 



\ n / I » n 

X\i\'q\\ (a;^/|?7| 



^%{z, z- x,x)= ^ „,^(^, z y ' / ^ ' / , (2.20) 

n,n=o yn\ Vn! 

oo 

vi/0,(^,z;a,a)= ^ V^^^„,,(z, z)e^""+^^^ (2.21) 



n,n=— oo 



or inversely 



^^,;n,.(^, -z) = K I d'xd'xe-\^\^^''-\^\''*^l^{z, -z- X, ^) i^V^'J i^V^'J ^ (2.22 



n! 

^!s;n,.(^, ^) = a)e— ^'^ . (2.23) 

2.2 Free field realization and spectral fiow 

In order to compute physical quantities, it might be useful to use free field realization 
introduced in Refs. IHSHSEl-^ Using the free fields 

X^[z)X-[w) ^\^i{z-w) , Y{z)Y\w)^ -\x^{z-w) , (2.24) 

we can rewrite the currents as 

J = dX- , F = dX+ , P+ = ~iV2e-'^^dY , P" = ~iV2e'^^dY* . (2.25) 

We can check that the OPEs ()2.6|) are reproduced by using ()2.24|) . The primary fields in 
Hf„ can be expressed by 



V^±,o = exp {tjX+ + iTjX-) , (2.26) 
and the action of Pq, where we introduce the twist fields 

idY{z)a^{w) ~ (z - w)~"t+{w) , idY*{z)a^{w) ~ (z - wf-^T+'^{w) , 

idY{z)a-{w) ~ (^ - wy^'-^T-'^iw) , idY*{z)(T-{w) ~ (^ - u')V-(w) (2.27) 

with descendant twist fields t^,t^^. The primary fields in ?-^°^ are of the form of the 
plane wave as 

^l, = exp (ijX+ + ^ (Ye'^ + Y*e-'^)\ e<<^+''^) , (2.28) 



Other type of free field realization was proposed in Ref. |25| . which is not used in this paper. 



therefore the computation involving only the primary fields in Ti-f^^ is the same as in the 
flat space-time case. 

In the current algebra ()2.7p there is a symmetry to redefine the currents as {w G Z) 

Jn ^ Jn ; -fra ^ -^n iwSnfi i ^ Pn—w i P-n ^ Pn+w ' (2.29) 

and this operation is called as spectral fiow.^ We should include the representation of the 
currents generated by the spectral flow because OPEs do not close without including the 
fields with flowed representation. In the free field realization defined above, we can easily 
express the primary fields obtained by the spectral flow as {w = 0, ±1, ±2 for 'hf '^) 

= exp + z(r7 + w)X-) a± , (2.30) 

and the action of PTy,- The corresponding vacuum state satisfies 

Jo\j,V,w) =ij\j,ri,w) , Fo\j,r],w) =i{ri + w)\j,ri,w) , 

P^\j,V,w) = , Cn> -w) P^\3,Tl,w) = . (% > w) (2.31) 

We should note that we restricted the range of w even though we could take w G Z 
because there are identities among the Hilbert spaces 

7^+;^"' ^ 7^7.-+! . (2.32) 
The primary fields in 7i°'^ {w G 1) are expressed as 

^% = exp i^jX^ + iwX~ + ^ {Ye'^ + y^e"*^)^ e*"^'+''^^ , (2.33) 
namely, we only include an integer momentum = w. 



2.3 Two and three point functions 

Two and three point functions of the primary fields are computed in Refs. 
They used several methods, such as, free field realizations, the pp-wave limit of SU (2) x 
f/(l) WZW model and the conformal bootstrap from the four point function obtained by 
solving Knizhnik-Zamolodchikov equations. Two point functions are only the normaliza- 
tion, and meaningful information is in three point functions. 

The non-trivial two point functions are the following. One is the two point function 
between the primary fields and \I'~^ as 

(*ii,»;i(^i'^i'^i'^i)*i2.r?2(^2,2;2;a;2,a;2)) = ■ — + (2.34) 

\Zl — Z2\ 1 



^See Refs. [TTIEl] for more detail. Also refer to Ref. |23 for AdS^ case. 
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with the notation = f{x)f{x). Another is the two point function for as 



\Zl - Z2 



|4h0 



(2.35) 



where we define 

= scos?/' , = ssin?/; , (2.36) 

so that the momentum conservation in the Rey and Imy directions manifest. Note that 
the non-trivial case is only when j2 + Ji = or j2 = 3\ = \- 

The three point functions involving \E'^^ or ^^^^ are of the form 



3 



Zii Xi , Xi J 



\i=l 



^ C°i°^°3( j^^ J2, J3)L)°i"^"3 (a;^^ ^^^^^^ 3^3^ 3^3) 

where = ± and Jj = (jj, 77^). The functions D"'^"'^"''-' can be fixed only from the symmetry. 
In other words, they are solutions to the differential equations coming from the relation 
flTT^ as 

00 

D++- = |e-^-3(^i ^-1+^2^2) (xs - xi)^\^5irii + r/2 + Vs) E ^(^ " ^) ' (2-38) 

n=0 
00 

D+— = \e^^iv2X2+v3x;)(^^^ _ ^^yN^2^^^^ ^^^^ ^ ^ ^2.39) 

n=0 

where N = —ji — j2 — Ja- The coefficients C°'^°''^°'^{Ji, J2, J3) cannot be determined from 
the symmetry and must be computed in other methods. The results are jSH 12^] 

C-W....3)^^(-2i=|L)*^\ (2.40) 

C-W.....3)^^(-^3^)*"\ (.41) 

The OPEs among the primary fields can be read from the above three point functions, 
though we should care about the non-trivial normalization of the two point functions 

(E31, (ESHD-^ 

^The normalization (|2.18|) may be read from the three point functions (|2.4U|I . H2.41|l . The limit of 
limj_,,^o ^1*^,^ in (|2.16|) . 12.17(1 is limj _ri^o J\f^^ ■ 1 where 1 is the identity. The three point function with 
one identity must reduce to the two point function, which may lead to the normalization H2.18|l . Another 
way to fix the normalization may be using the free field realization as in Refs. j25| and |26| . 
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For the three point functions only involving it is not useful to express in the form 
of ()2.H7j) . Since the is of the form of plane wave, we rather write the three point 
function as 

(n^L.(^-^-^-^^)) (2-42) 

where the momentum conservation is manifest. The normalization is fixed using the fact 
that the three point function ()2.42|) should reduce to the two point function ()2.35|) if one 
operator is the identity Vq q.q q{z, z) ()2.2H|1 . 



3 Geometry of Symmetric D-branes 

D-branes are defined by the hypersurface where the boundary of open string sweeps. 
The worldsheet for open string can be given by a disk or an upper half plane, which 
can be mapped to each other by conformal transformation. Thus we should assign the 
boundary condition to the currents in order to preserve the conformal symmetry. Here 
we only consider the boundary conditions which preserve the half of the current algebra. 

As classified in Ref. j2H] there are essentially two types of boundary conditions. One 
type is 

J=(-1)V, F = (-1)^F, P+ = (-l)^P+, p- = {-iyp-. (3.1) 

Since we should perform a conformal mapping to the currents in order to exchange the 
open and closed string channel (equivalently to exchange the time and space coordinates 
of worldsheet), there is a phase factor in front of the currents, where e = and e = 1 for 
the open and closed string channel, respectively. The other type is 

J=-(-l)V, F = -(-l)^F, P+ = -{-iyp-, p- = -{-iyP+. (3.2) 

We do not consider the boundary conditions which reduce to p.ip or ()3.2|) by using the 
inner automorphism. 

Let us first examine the boundary condition ()3.2|) . Under the boundary condition, a 
group element at the boundary can be transformed by the adjoint transformation 

g'^{x+, x~,y)g{x^, x^,yo)9{x'^, x', y) (3.3) 
= g{x^,XQ - \\y\^smx^ + Im(?/ol/*e^''^ cos ^), e5^^(?/oe^'''^ - 2i?/sin^))) . 
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If the parameters (x^,?/) vary, then the right hand side of ()3.3|) draws a subspace of 
the Nappi-Witten background. The subspace has the symmetry left after taking the 
boundary condition, so it must be the geometry of the D-brane corresponding to the 
boundary condition ()3.2|1 . This subspace is classified by the conjugacy class of the group 

m 

For Xq = mod 27r, the equation ()3.3|) leads to 

g{0,x^±lm{yoy*e'^'^),yoe'''^) . (3.4) 

Therefore we have 0-dimensional instanton for = and cylindrical 2-dimensional brane 
for yo ^ 0. However we do not consider these branes because their metrics are degenerated. 
For Xq 7^ mod 2tt, we can rewrite ()3.3|1 as 

g{x^, Xq +1 cot ^(|?/oP - lap), a) , (3.5) 

thus the corresponding branes have 2-dimensional Euclidean worldvolume located at 

x~^ = Xq , x~ = x~'q + \ cot ■ (3.6) 

\{ Xq = TT mod 27r, the worldvolume is flat at otherwise the worldvolume is 

hyperbolic. 

Another boundary condition ()3.H) implies the invariance of the geometry under the 
twisted adjoint action (? — » (r ■ gL)^^99B where r generates an outer automorphism 

r ■ g{x^, x',y) ~> gi^x^, -x", -y*) (3.7) 

as discussed in Ref. j2H]- Since we have 

g-\-x+, -X", -y)g{x'^, XQ,yo)g{x+, x~,y) = ^((x^ + 2x+, (3.8) 

Xo +2X- + 1 Im(ye5(<+-+)(yo + yo + ye5(4+-+))), y^ + 2 Re(ye-^(<+^^))) , 

the corresponding brane is the (2+1) dimensional hypersurface at 

lmy = lmyQ = b (3.9) 

with a real parameter b. In summary, we have Lorentzian D2-branes at ()3.9j] for the 
boundary condition 1)3.11) and Euclidean D2-branes at ()3.6p for the boundary condition 
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4 One Point Functions and Boundary States 



In quantum level the D-branes are expressed by so-called boundary states. In the open 
string channel, the D-branes are defined by the hypersurface where the ends of the open 
strings are attached to. On the other hand, in the closed string channel, the D-branes 
are described by the boundary states which have information how closed strings couple to 
the D-branes. A general boundary state is given by a linear combination of the Ishibashi 
states, and the coefficients can be read from the disk (or upper half plane) one point 
functions of primary fields. In this section, we compute the one point functions with 
boundary conditions ()3.1|) . ()3.2|) and construct the boundary states for the Lorentzian 
D2-branes and Euclidean D2-brane. 



4.1 Lorentzian D2-branes 

Let us first consider the Lorentzian D2-branes corresponding to the boundary condition 
()3.1|) . The boundary condition leads to 

(Pi'^'± + Pr'±)(vi/}(z,z;a,a)) = , (4.1) 

because of the relation ()2.12j) . The condition + T>g = means that only the one point 
functions of the states in Ti^ ^ have no-trivial value (even including the spectral fiowed 
states). This is reasonable since D-brane parallel to the light-cone direction couples to 
the closed strings with vanishing light-cone momentum. The other conditions restrict the 
form of the one point function to 

{<fliz, -z- a, a)) = ^^4^ ' ^^■.^("' ") = Mp>"'' E ^(2j " n) . (4.2) 

F ^1 n=0,l 

This form may be also derived from the free field realization ()2.28j) . In fact, it is the one 
point function with the Newmann and Dirichlet boundary conditions (in the open string 
terms) for the the Key and Imy directions, respectively. 
In the following, it is convenient to define 

%(z, ^; ^) = ^ dee^'^'^l^iz, z- a, a) , (4.3) 

with j = 0, 1/2, and compute its one point function 

We also fix the normalization of the one point function such as 

Ko-Ao(zrz)) = l. (4.5) 
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namely, the one point function of the identity is set to be one. 

In order to compute the coefficient /-■ we utihze the conformal bootstrap method 
|381 EHl Hn] ■ We consider the following two point function on the upper half plain 

{m^Jz,rziM%Jz^,Z2M) . (4.6) 

This function can be computed in two ways. One way is using the OPE of the inserted 
closed strings 

^lJz,zM^l,,{w,w^^2)-^ E JdpWs ,_':±,,,-J (4-7) 

33-ii-i2=o,±i 

up to the contribution of descendants, where the three point coefficient is given by 

c^^3 = m + v\ - vi)m + P2 - v%) ■ (4.8) 

Another way is to use the OPEs between the bulk operators and boundary operators. 
If the boundary operator is the identity, then the coefficient of the OPE is the same as 
the one point function ()4.4j) under the normalization ()4.5|1 . Comparing the two ways of 
computing the two point function ()4.6|) . we have the equality 

/ dv%dv%C'^,f-^J{v%)Tll{z) = 4,.,5(pD4,./(P2)-^2I(1 - z) (4.9) 

as long as the propagating boundary operator is the identity.^ We denote J-'{z) as the 
four point conformal blocks 

which correspond to the choice of = z,Z2 = 0,Z2 = oo,zi = 1. Solution to the equation 
(jOll is^ 

4,=exp(^p^6) (4.11) 

with a parameter b. We should notice that the normalization is consistent with ()4.5|1 . In 
summary we have the non-trivial one-point function of the closed strings for 7i°^ as 

AT/0 r - -u e^'''-^^'5{p^) En=o,i 5{2j - n) 

{^lsi^,z;a,a))b = , _ -i^feo (4-12) 

for the Lorentzian D2-branes corresponding to the boundary condition ()3.ip . 

®We changed the normahzation (|4.8(l such that the identity appears as the propagating boundary 
operator with the correct normahzation. 

^Note that sin'0 only set the sign in front of s because of the deha function S{s cos in H4.4|l . 
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The boundary state for the Lorentzian D2-brane is defined to reproduce the one point 
function ()4.12|1 . namely 

= \z-z\'"'°{^l,{z,z;a,a))b , (4.13) 

where \j, s, a, a) is closed string state corresponding to the primary fields \E'° a). Notic- 
ing that classically {j, s, ~,y) = in (jSHni), we have 

1 1*00 r27v r27v 

{{b\x+,x-,y) j_^dj sdsj^ daj^ a) 

^5(lmy-b). (4.14) 

Therefore, we can conclude that the boundary state ()4.13p reproduces the classical geom- 
etry of the D2-branes ()3.9|) . where we identify the parameter b in ()4.11|) as the position 
of the D2-brane. 



4.2 Euclidean D2-branes 

The boundary condition ()3.2|1 also leads to the condition 

iVi^^^^-W^){<i^jizrz;cy,cy)) = 0, (4.15) 

which is similar to ()4.H1 . In this case the condition T>^ — T>^ = gives no constraint on 
1], which implies that all the closed strings couple to the brane contrary to the previous 
case. The other conditions restrict the form of one point functions as before. 

We first consider the primary fields in Tij^, whose one point function is of the form^" 

{^^Jl(z,z;a,a)) = f,{9)^-^ . (4.16) 

s 

Just like the previous case it is useful to define 

^u^, ^) = r '^'^ r ^^^"^"'^°o(^' «' «) ' (4.17) 

and compute its one point function 

{^l,iz,z)) = hn. (4.18) 

We set the normalization as ()4.5j) (even though the normalization of the one point function 
is different from the previous one in general). Because the OPE involving ()4.17|) is given 
by 

^l,nM^) ~ ^l,n,iw,^)^Uj2+m,n,+n,-miw,^) + " " " (4-19) 

^°The conditions H4.15|l allow the form of fj^s5{9) other than l|4.16|l . however we do not use it because 
it is not consistent with the classical picture H3.6|l . 
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(m is chosen so that —1/2 < ji + j2 + ^ < 1/2), we have the conformal bootstrap 
constraint 

fji+j2+m,ni+n2—m = fji,nifj2,n2 (4.20) 

as in ()4.9|) . Solution to the constraint is given by 

/j-„ = exp(i(j+n)x+) . (4.21) 
Since the wave function corresponding to ()4.17j) is 

^°„ = exp(z(j+n)x+) , (4.22) 

the one point function imphes that the brane is at which is consistent with the 

classical analysis 

Let us move to the closed strings in Ti-f^. From the conditions ()4.15|) . the form of the 
one point function is restricted as 

jj± ^\ri\xx 

{'^Uzrz:x,x)) = ^^^^-^ . (4.23) 
As before we compute the two point function 

(^1' ^1' ^i)^72,»?2(^2, Z2]X2,X2)) (4.24) 

in order to obtain constraints for f/j*"^. Here we assume 771+772 > 0.^^ Computing two 
ways and comparing the both, we obtain 

00 

C^''Ul,r]uj2, -Jl - 32 + n, -r]i - ?72)f/jt+i2-n,r,i+r,2-^2i ^' ^) 

n=0 

roo 

= / sdsC+°{ji,r]i;s,0)C^\j2,V2;s,0)J^^^is,l- z,x) , (4.25) 
Jo 

where represents the bulk-boundary two point function with °(j, 77; 0, 0) = U^^. 
We used the conformal blocks J-'^i{n, z,x) and ^2^(3,1 — z,x) defined in Ref. [2l] for 

(H 1 — ) amplitudes, whose intermediate states belong to 7i^^ and 7^°^, respectively.^^ 

The transformation of the conformal blocks can be computed as (A^ = —ji — j2 — js — J4) 

POO 

J'^lin, z,x)= sds{C^{s)r'j'',^{s, l-z,x) , (4.26) 
Jo 



^^The other cases 771+772 < and ?7i + 772 = give other constraints. The former case leads to the 
similar constraint, and the latter case gives the relation between (I4.16|l and (|4.2^^() . It is very important 
to check also in these cases although we will not do it in this paper. Another important constraint may 
come from the two point function with 5*^^ and 

^^The definition of the identity state in Ref. [21] is not the same as the one in this paper, and hence 
the normalization of the one point functions H4.16|l and H4.23|l may be different. 
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where 

N 

= ^ (yj eV(^(l-l)+^(i-.0-2,(i))^A. j^^sj _ (4 27) 

Here we have used ipi^) = ^ Inr(x) and defined 

„ TTsinTrfa + r/2) , T {1 + r]2)T {r]i) r(l - r^i - r/a) . . 

sin7r?7i sin7r|?72| r(?7i+?72) r(l - ?7i)r(-?72) 

With the help of the transformation matrix ()4.2fj|l with = and s = 0, the relation 
leads to 



Ev^r/+ • = r/+ u~ (A 291 

n=0 



Solutions to the above equation are given by 



f/± = / g*(i±n)x+-2jj7X(, ^ / gija;+-2ir?X(, (4 30) 

Y sinvrli]! Y sin 7r|r7| 1 - e=t*4 

with parameters Xq and x,| 7^ mod 2ti. 

We can construct the boundary state like ()4.13j) and compute the coupling with local- 
ized closed strings as 

1 ^^ 7r(5(x+-x+)r(l- |r/|) ^„2.^(,-_,-^i,„t4lyP) , (431) 
-1 2 sin^ 4 

To see its classical behavior, it is convenient to reintroduce a' = 2 and rewrite such as 
\f^T], . Then, in the classical limit a' — > cxo, the small 77 region is expanded, and 

the integration gives delta function 5{x~ — Xq + \ coi^^\y\^). Identifying the two free 
parameters Xq as those of ()3.6|) . we successfully reproduce the classical geometry of the 
Euclidean D2-brane from the boundary state. 

For the couplings with the flowed states, it is useful to use the free field realization as 
mentioned in section IT^ Then, we can see from the above results that X~ field satisfies 
the Dirichlet boundary condition (in the open string terms) and the one point function is 
proportional to exp(— 2ixo"(?7 + w)). Therefore, the one point functions are obtained as 



for 7i°'!" with w G Z and 



00 p\ri\xx 



{^tirizrz;x,x)) = J-^Ee^^^-±'^)<--(''-K-_^ (4.33) 



for nf;J' with w = 0, ±1, ±2, 
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5 Conclusion 



We investigated D-branes in the Nappi-Witten model ^Hl; which is a WZW model 
associated with 4 dimensional Heisenberg group H^^. Only the symmetric D-branes have 
been considered, whose boundary conditions preserve the half of the current algebra (jH.lj) . 
fl3.2|) . These branes are classified by the (twisted) conjugacy classes j2Hl, and we have 
Lorentzian D2-brane at and Euclidean D2 brane at (jH.fjj) . In this paper we computed 
the one point functions of closed strings on the upper half plane. It is rather difficult to 
calculate the one point function directly, so we computed them by utilizing conformal 
bootstrap constraints [3H1 EHl EDI- Two point function on the upper half plane can be 
mapped to four point function on the full plane, whose conformal block is obtained by 
solving Knizhnik-Zamolodchikov equations [25. Computing the two point functions in 
two ways and comparing the both, we have constraints to the one point functions. Solving 
the constraints, we obtained the one point functions ()4.12j) for the Lorentzian D2-branes 
and ()4.32|) . ()4.33|) for the Euclidean D2-branes. We constructed the boundary states based 
on the one point functions and checked that the classical limits reproduce the geometry 
of the corresponding D-branes. 

The methods we used to obtain the boundary states in the Nappi-Witten model might 
be useful to investigate some time- dependent D-branes such as D-branes with rolling 
tachyon [111132] • This is because the Nappi-Witten model is solvable and its target space- 
time is Lorentzian, and hence we do not need to perform analytic continuation of Euclidean 
results, which may give rise to difficulty. An interesting case may be the D-branes in AdS^, 
where the boundary states in the Euclidean AdS^ is given in Refs. [ISl [33-^^ Since the 
pp-wave limit of AdS^ x is very similar to our model, our results may give insights in 
the construction of boundary states in the Lorentzian AdS'i (see Ref. [211 for a classical 
argument). The most difficult task with Lorentzian signature is to perform the modular 
transformation because the worldsheet should be also Lorentzian. Even in our case, it 
is difficult to read the open string spectrum^^ by using the modular transformation of 
one-loop amplitude, even though the cylinder amplitude in the closed string channel is 
easy to compute using our boundary states. It would be interesting to try to manage 
the difficulty. 

^•^D-branes in Lorentzian S'i(2,R)/f/(l) WZW model (which is a coset of the Lorentzian AdS'i model) 
are also worth to study because of the non-trivial time-dependence of D-branes 0^ . In order to construct 
the boundary states, we have to perform analytic continuation to their Euclidean counterparts, which 
are analyzed in Ref. |4f)| . 

^''It might be possible to directly analyze the open strings in the Nappi-Witten model. In particular, 
we may obtain two and three point functions by utilizing conformal bootstrap as in Ref. 44 . 
^^We may be able to perform the modular transformation only in the light-cone gauge as in Ref. 
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